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Evaporating suspensions of colloidal particles lead to the formation of a variety of patterns, ranging
from a left-over ring of a dried coffee drop to uniformly distributed solid pigments left behind wet
paint. To characterize the transition between single rings, multiple concentric rings, broad bands,
and uniform deposits, we investigate the dynamics of a drying droplet via a multiphase model of
colloidal particles in a solvent. Our theory couples the inhomogeneous evaporation at the evolving
droplet interface to the dynamics inside the drop, i.e. the liquid flow, local variations of the particle
concentration, and the propagation of the deposition front where the solute forms an incompressible
porous medium at high concentrations. A dimensionless parameter combining the capillary number
and the droplet aspect ratio captures the formation conditions of different pattern types.
PACS numbers: 47.15.gm, 47.55.Kf, 47.56.+r, 47.61.Jd
When coffee drops, soup splatter, salted snowmelt or
other suspension dries out, the suspended solid remains
as a residual stain or pattern. This is the result of a sin-
gular evaporative flux at the contact line which is pinned
at the substrate [1]. The resulting fluid flow advects par-
ticles to the edge where they aggregate, while the fluid
itself evaporates. Consequently, single [1–5] or multiple
rings [6–12] form in the vicinity of the contact line. In
contrast, eliminating the surface roughness of the sub-
strate [13], or drying a suspension of anisotropic colloidal
particles [14], leads to the uniform deposition of particles
over the droplet area. Alternatively, the transition from
narrow single rings to uniform films can be engineered
when the evaporation happens relatively fast [15–17].
To understand the transition between single rings, mul-
tiple concentric rings, broad bands, and uniform deposits
(Fig. 1(a)), when the contact line of the drying drop (sol-
vent viscosity µ, interfacial tension γ) is pinned to the
substrate, we note that in many situations the droplet
aspect ratio ǫ ≡ H/R ≪ 1 (Fig. 1(b)). In this limit, the
Navier-Stokes equations for fluid flow simplify via the
lubrication approximation [18]. At a scaling level, the
pressure p ∼ γH/R2 is determined by Laplace’s law, and
the viscous capillary flow speed of the liquid in the radial
direction is vf ≡ αE0/ǫ , with E0 being the evaporation
rate, and α a dimensionless constant. Then, a balance
between the radial pressure gradient p/R and transverse
viscous shear µvf/H
2 implies that γH/R3 = µαE0/ǫH
2 .
Thus, α ≡ ǫ4/Ca , where Ca ≡ µE0/γ is the capillary
number, which characterizes the ratio of viscous to cap-
illary forces. When α ≫ 1 , vf ≫ E0, and the colloids
are carried towards the contact line before the drying is
complete, so that single ring, concentric rings, or a broad
band forms, depending on the initial colloidal volume
fraction Φ0. When α ≪ 1 , vf ≪ E0 , and uniform films
form as the solvent rapidly dries before most colloids can
reach the droplet edge [17].
During deposition, colloidal particles arriving at the
deposition front slow down and stop, while fluid continues
to flow through the porous deposit. Hydrodynamically,
in the interior of the droplet, the particle concentration
is low, and pressure gradients are balanced by viscous
stresses in Stokes flow [19] , while in the porous deposit,
where the fluid concentration is low, pressure gradients
lead to flow through pores governed by Darcy’s law [19].
Thus, we must account for a “Stokes-Darcy transition”
to characterize flow in the slender drying droplet as par-
ticles are carried by the fluid, before being eventually
arrested, while the fluid evaporates away. The form of
the residual patterns requires that we also consider the
speed of the deposition front C = C(Φ0, t) relative to the
evaporation rate E0 . Indeed, the type of patterning is
governed by the dimensionless speed β = β(t) ≡ C/E0
at the interface separating the liquid and forming deposit
(Fig. ??(c)). A uniform film forms when β is sufficiently
large to prevent the liquid meniscus, pinned to the ele-
vated deposit edge, from touching down the substrate.
Conversely, lower β results in single rings, multiple rings,
or broad bands, following meniscus break-up (Fig. 1(e)).
The coupling of evaporation-driven flow with a transi-
tion from a dilute suspension to porous plug requires a
multiphase description of the process.
In the lubrication approximation, the depth-averaged
solute and solvent velocities are given by Vs ≡
h−1
∫ h
0 vs(r, z, t)dz and Vf ≡ h−1
∫ h
0 vf (r, z, t)dz, where
vs(r, z, t) and vf (r, z, t) are the local solute and sol-
vent velocities, respectively. The depth-averaged solute
volume fraction is Φ(r, t) = h−1
∫ h
0 φ(r, z, t)dz, where
φ(r, z, t) is the local particle volume fraction, 1 − Φ(r, t)
is the depth-averaged solvent volume fraction and h(r, t)
is the droplet height (Fig. 1(b)). The growing deposit
near the contact line due to the particle accumulation
forms a porous plug with a volume fraction Φc of the
particle close packing (Φc ≈ 0.74 for hexagonal packing
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FIG. 1. Schematics of a drying suspension on a horizontal
substrate. (a) Single rings, multiple concentric rings, broad
bands, and uniform films are displayed. (b) The fluid height
h(r, t) and the polar coordinate system. The initial aspect
ratio is ǫ ≡ H/R . (c) The droplet cross section (dark plane in
(b)) and variable definitions. (d) As a function of η ≡ R/ℓcap
(lcap ≡
√
γ/ρg : capillary length), the initial height profile
h(r, 0) of a small droplet (η ≪ 1) when the Laplace pressure
−γκ dominates the pressure p and a puddle (η ≫ 1) when
the hydrostatic pressure ρgh is dominant. (e) The evolution
of the deposit width ∆r, the solid height hs(r) (red), and the
interface position L(t) in time t .
in three dimensions). To characterize the transition from
the Stokes regime for dilute suspensions (Φ ≪ 1) to the
Darcy regime in the porous medium (Φ ≃ Φc) we need a
model that naturally transitions from one regime to an-
other. A natural candidate is an interpolation between
these two linear flow regimes via the Darcy-Brinkman
equation [20], which in the lubrication limit reads as
∂p
∂r
= µ
∂2vf
∂z2
− 1
k
(vf − vs) , (1)
where k is the permeability of the porous plug, and the
pressure is given by p = −2γκ+ ρgh (Fig. 1(d)), with ρ
the suspension density, and g being gravity. By defining
tan θ ≡ −∂rh, the mean curvature κ of the liquid-air in-
terface is given by κ = −∂r (r sin θ) /2r. When Φ ≪ 1,
we would like to ensure that the solute and solvent veloci-
ties coincide, i.e. vs ≈ vf as the particles are advected by
the fluid in an approximately Stokesian regime. Beyond
the deposition front, vs → 0 as Φ → Φc, we would like
to ensure that we recover the Darcy regime where the
particles are arrested in the porous plug and the fluid ve-
locity is proportional only to the pressure gradient [21].
A simple closure of Eq. (1) consistent with these lim-
its is [22] vs =
[
1− (Φ/Φc)Γ
]
vf , where the exponent
Γ determines the rapidity of the crossover between the
two regimes. Eq. (1) in combination with our closure
relation, subject to the stress-free and no-slip boundary
conditions ∂v/∂z|z=h = 0 and v(z = 0, t) = 0 , yields the
depth-averaged velocities
Vf =
1
a3µh
∂p
∂r
(tanh ah− ah) , Vs =
(
1− a2µk)Vf ,
(2)
where a2 ≡ (µk)−1(Φ/Φc)Γ , with 1/a being the effective
pore size.
We define a set of dimensionless variables as follows:
horizontal coordinate r ≡ Rr˜, vertical height h ≡ Hh˜,
time t ≡ H/E0t˜, velocities Vs,f ≡ (ǫ3γ/µν3)V˜s,f , dimen-
sionless pressure p ≡ (γǫ/R) p˜, where p˜ ≡ −2κ + ηh,
η ≡ R/ℓcap , ℓcap ≡
√
γ/ρg is the capillary length,
and the dimensionless evaporation rate E˜(r) ≡ E(r)/E0
(Fig. 1(b)). Furthermore, we let ν ≡ H/√kµ , be a scaled
initial height and the Peclet number Pe ≡ E0R/Ds , with
Ds being the solute diffusivity. Dropping the tildes from
the dimensionless quantities, and using an axisymmetric
polar coordinate system in the rest frame, the depth-
averaged scaled equations of local fluid and solute mass
conservation are given by
∂
∂t
[(1− Φ)h] + 1
r
∂ (rQf )
∂r
= −E(r)
√
1 + (ǫ∂rh)2 , (3)
∂
∂t
[Φh] +
1
r
∂ (rQs)
∂r
= 0 , (4)
where the scaled liquid flux Qf (r, t) =
α
ν3 (1 − Φ)hVf
(Qf (r, t) = (1−Φ)hVf in dimensional units), the particle
flux Qs(r, t) =
α
ν3ΦhVs − Pe−1ǫh∂Φ∂r (Qs(r, t) = ΦhVs −
Dsh
∂Φ
∂r in dimensional units), and E(r) ≡ 1/
√
1− r is
the scaled singular form of the local evaporation rate
(Fig. 1(c)) along the droplet surface [1, 2]. The coupled
sixth order system of Eqs. (2)–(4) becomes a boundary
value problem for h(r, t) and Φ(r, t) , once appropriate
boundary and initial conditions are given.
When α ≪ 1 , the initial droplet aspect ratio is small
(ǫ ≪ 1). Furthermore, if particle diffusion is negligi-
ble (Pe ≫ 1), advection dominates diffusion so that a
sharp deposition front forms, and the liquid and solid
fluxes Qf,s in Eqs. (3) and (4) vanish. Qf vanishes at
the droplet edge as well, even though the fluid velocity
Vf diverges near the contact line, since hVf stays con-
stant there [1–3]. Then, Eqs. (2)–(4) reduce to the initial
value problem ∂h/∂t = −E(r) and ∂ [Φh] /∂t = 0 , which
yield
h(r, t) = h(r, 0)− E(r)t , Φ(r, t) = Φ0h(r, 0)
h(r, t)
, (5)
where the initial condition h(r, 0) is the hydrostatic
height profile given the contact angle θe,0 at the droplet
edge. Locally, h(r, t) evolves only until the critical time
tc = tc(r) (Fig. 2(a)), when the colloids get jammed
at the deposition front r = L(tc) (see Fig. 1(e)) with
Φ(r, tc) = Φc = 0.74 (Fig. 2(b)). The deposit height
is then fixed at hs(r) = h(r, 0) − E(r)tc(r) for t ≥ tc
(Fig. 2(a)). The critical time for jamming tc is deter-
mined from Eq. (5) when Φ(r, tc) = Φc . Then hs(r) and
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FIG. 2. Uniform film deposition (α ≪ 1 , P e ≫ 1). (a) The
fluid interface h(r, t) (grayscale) and the solid height hs(r)
(red) evolution. (b) The change of the depth-averaged col-
loidal concentration Φ(r, t) (grayscale) corresponding to (a).
The red line is at Φc = 0.74 . In (a) and (b), Φ0 = 0.1 ,
η ≡ R/ℓcap = 1, and the turquoise arrows denote the arrow
of time with the grayscale changing from dark to light. (c)
The relation between hs(r) and the initial hydrostatic pro-
files h(r, 0) as a function of increasing η , from bottom to top.
(a), (b), and (c) are the solutions to Eqs. (5) and (6). (d)
The front propagation speed β(t) = 1/ǫ∂rtc(r) collapses on a
single curve with the corresponding scaling of the axes.
tc are given by
hs(r) =
Φ0
Φc
h(r, 0) , tc(r) =
(Φc − Φ0)
Φc
h(r, 0)
E(r)
. (6)
In Fig. 2(c), we show the relation between h(r, 0) and
hs(r) as a function of η ≡ R/lcap ; both hs(r) and h(r, 0)
become more convex close to the contact line as η in-
creases, corresponding to an approximate hydrostatically
dominated pressure p (see Fig. 1(d)).
Having calculated the scaled droplet height h(r, t),
the solid volume fraction Φ(r, t) , and the deposit height
hs(r) , we turn to the dynamics of the deposition front
location L(t) given by the condition dr/dt|r=L(t) = C.
Since all lengths are scaled by the thickness of the droplet
H , and velocities are scaled by the evaporation rate E0,
in scaled form, the deposition front follows the relation
dr
dt
∣∣∣∣
r=L(t)
= ǫβ . (7)
At t = tc(r) , taking the reciprocal of both sides of Eq. (7)
yields β(t) = 1/ǫ∂rtc(r) . β diverges both initially when
h(r, t) ≪ 1 close to r = R, and at the end of drying
when Φ(r, t) ∼ Φ0 close to r = 0 (Fig. 2(d)). Thus far
we have assumed that solute diffusion is not important,
i.e. Pe ≫ 1, but when this is not the case, we have to
consider the complete system of equations.
When α ≫ 1 , we need to specify seven boundary
conditions over the interval r ∈ [0, L(t)] to determine
h(r, t),Φ(r, t) and β(t) . Three boundary conditions at
r = 0 are given by symmetry: the vanishing particle flux
Qs(0, t) = 0 , the vanishing liquid flux Qf(0, t) = 0 , and
the flat meniscus height profile ∂h/∂r|r=0 = 0 . At the de-
position front r = L(t) , the liquid flux into the deposit
at the interface must compensate for the loss of solvent
via the evaporation over the deposit height hs(r) . The
differential form of this condition in the frame co-moving
with the wall at a speed β becomes
1
ǫβ
∂
∂t
[(1− Φ)hαVf ] = −E(r)
√
1 + (ǫ∂rh)
2 , (8)
where Eq. (7) is used to express the spatial derivative in
terms of the time derivative. As the colloids are arrested,
the particle flux inside the solid vanishes. Therefore, in
the moving frame, the particle flux continuity at r = L(t)
is given by Qs − ǫΦhβ = −ǫΦchβ , which yields
β(t) =
1
ǫ(Φ− Φc)
(
α
ν3
ΦVs − Pe−1ǫ∂Φ
∂r
)
. (9)
The height hi at the wall between the liquid and the
incompressible deposit satisfies ∂hi/∂t = 0 in the rest
frame. In the moving frame, this condition translates to
∂hi(t)
∂t
=
ǫβ
r
∂ (rh)
∂r
∣∣∣∣
r=L(t)
. (10)
We fix the particle volume fraction Φi at the interface as
Φi ≡ Φc − 10−3 , (11)
to extract β(t) asymptotically from Eq. (9). Finally, the
initial aspect ratio ǫ = ǫ(η, θe,0) is specified by the hydro-
static height h(r, 0) (Fig. 2(c)). The initial particle dis-
tribution is given by Φ(r, 0) = (Φi−Φ0)e[r−L(0)]/d0 +Φ0,
where d0 ≪ 1 and L(0) = 1 .
Using the physical parameters γ ∼ 0.1N/m, ρ ∼
103kg/m3, g ∼ 10m/s2, E0 ∼ 10−6m/s, µ ∼ 10−3Pa·s,
Ds ∼ 5 × 10−11m2/s [23] and θe,0 = 15o, we find
the capillary length ℓcap ∼ 10−3m and the time scale
τ = τ(η, θe,0) ≡ H/E0 = ηǫ(η, θe,0)ℓcap/E0 = ηǫ103s
(Fig. 3(e)). Then, Ca ≡ µE0/γ = 10−8, and Pe−1 ≡
Ds/E0R = 5 × 10−2, so that α ≫ 1 . We choose ν = 1
since the effect of bigger ν on the formation of rings and
bands is insignificant as long as α ≫ ν2 [21] holds. The
exponent Γ is chosen as Γ = 4 , which models a narrow
transition region between the two flow regimes as a func-
tion of Φ .
We numerically solve Eqs. (2)–(4) subject to the
boundary conditions Qs = Qf = ∂h/∂r = 0 at r = 0
and Eqs. (8)–(11) at r = L(t), for the droplet-air inter-
face height h(r, t), the depth-averaged particle volume
fraction Φ(r, t), and the deposition front velocity β(t)
via the COMSOL finite element package [25]. The di-
vergence of the evaporation rate at the contact line is
resolved by assuming E(r) = 1/
√
1 + ε¯− r when r → 1 ,
where ε¯ = 0.01 .
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FIG. 3. Deposition of single rings and multiple concentric rings (α≫ 1). (a), (b) The evolution of the interface height h(r, t)
(grayscale) and the solid height hs(r) (red) for the given initial particle volume fractions Φ0. (c), (d) The evolution of the local
colloidal volume fraction Φ(r, t) corresponding to (a) and (b). The grayscale changes from dark to light with the increasing
time. The red lines in (c) and (d) are Φc = 0.74 . The dashed lines denote the touch-down location r0 of the meniscus. (e) The
time scale τ of evaporation as a function of η (see text). (f) The deposition speed β(t) as a function of increasing Φ0 from top
to bottom. (g) h(r, t) (black), hs(r) (red), and (h) Φ(r, t) at the end of the droplet lifetime are shown as a function of increasing
Φ0 from bottom to top. In (g), from right to left, r0 (gray dots) decreases when Φ0 increases. The data in (f), (g), and (h)
correspond to Φ0 ∈ {5× 10
−3 ∪
[
1.5 × 10−2 , 0.12
]
} in 1.5 × 10−2 increments. In (a)–(d) and (f)–(h), η = 1 . These results are
solutions to Eqs. (2)–(4), subject to the boundary conditions given in Eqs. (8)–(11) at r = L(t), and Qs = Qf = ∂h/∂r = 0 at
r = 0 . The physical parameters are given in the main text.
In Figs. 3(a)–(b), the time evolution of h(r, t) and
hs(r) are shown in the rest frame. Towards the end of
the droplet lifetime, the meniscus reverses curvature and
touches the substrate at a location r0 (dashed vertical
lines in Figs. 3 (a)–(d), and gray dots as a function of
Φ0 in Fig. 3 (g)), when the evaporation ceases at a time
tf ∼ 0.2τ . The meniscus touch-down (see Fig. 1(e)), as-
sumed to be axisymmetric [26], is followed by a break-up
into two contact lines [6]. To regain the equilibrium con-
tact angle θe,0 [27], the contact line closer to r = 0 moves
to the droplet center, whereas the other one will move
towards the deposition front and the fluid will be wicked
by the jammed colloids.
When Φ0 ≪ 1 , narrow rings form with a width
∆r(t) ≡ 1−L(t)≪ 1 (Figs. 3(a), (c)). The magnitude of
the front speed |β(t)|, shown in Fig. 3 (f), determines the
width ∆r [21]. When Φ0 increases, |β(t)| increases for all
t and diverges faster at tf . For single rings, β(t) reaches a
steady state at early times for Φ0 ≪ 1 . For intermediate
Φ0 , the particle concentration builds up below r0, as ev-
idenced by the maxima in Φ(r, t) at the liquid side of the
wall in Figs. 3(d) and (h). When Φ0 increases, r0 shifts
to the droplet center, as demonstrated in Figs. 3(a)–(d),
and (g) [21]. Following meniscus break-up, the inner con-
tact line moves until it is restrained by the meniscus [28],
resulting in a new ring. In Fig. 3(b), we show the profiles
shortly before the concentric inner ring formation, not-
ing that β changes rapidly over the course of drying for
bigger Φ0 . When Φ0 is large, we see the formation of a
broad band – Fig. 3(g), with ∆r ≃ R/3 near the contact
line, and the touch-down location r0 → 0.
The shape of the band hs(r) for all Φ0 is governed
by Eq. (10): If the meniscus contact angle at the wall
θe(L(t), t) > 0 , then hs(r) increases as the band expands
(early stages), and θe(L(t), t) < 0 would lead to a de-
creasing height profile (late stages). The combination of
the early- and late-stage behaviors result in the curved
hs(r) profiles demonstrated in Figs. 3(a), (b), and (g).
The maximum solid thickness hmax is then achieved at
the transition between the two regimes (the maxima of
the red curves in Fig. 3(g)), as h(r, t) changes curvature
due to the evaporation [21].
Our multiphase model of an evaporating colloidal
droplet describes the different deposition patterns and
the transitions between them by accounting for how the
droplet evaporates inhomogeneously even as the dilute
suspension transitions into a porous plug in the neigh-
borhood of the contact line. We are able to characterize
these phenomena in terms of two parameters, the ini-
tial concentration Φ0 and the scaled evaporation rate α .
When α ≫ 1 , we get single rings, multiple rings, and
broad bands as Φ0 increases, while when α≪ 1 uniform
films assemble over the entire droplet area, consistent
with observations. What remains is to understand the
deposit thickness and the particle order in it, and will
require coupling our multiphase macroscopic theory to a
microscopic theory for particulate ordering in dense sus-
pensions.
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FIG. 1: Structural variables in the regime when α =≡ ǫ4/Ca ≫ 1 regime, where ǫ = H/R is
the aspect ratio of the drop, and Ca = µE0/γ is the Capillary number based on the evaporation
rate E0, the fluid viscosity µ and the surface tension γ. (a) the band width ∆r, (b) the meniscus
touch-down location r0 , and (c) the maximum deposition height hmax , as a function of Φ0 and
η ≡ R/ℓcap . In (a) and (c) η ≡ R/ℓcap increases from bottom to top, where η ∈ {0.1, 1, 2, 3} . When
scaled over the droplet radius R , ∆r collapses on a single curve.
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FIG. 2: Deposition of broad bands (α≫ 1). (a) The interface height h(r, t) evolution for the given
initial particle volume fractions Φ0. (c) The evolution of the local colloidal volume fraction Φ(r, t)
corresponding to (a) and (b). The grayscale changes from dark to light with the increasing time.
The red curve in (a) is the forming solid-air interface hs(r). The red line in (c) is Φc = 0.74 .
The dashed lines denote the touch-down location r0 of the meniscus. These results are solutions to
Eqs. (2)–(4) in the main text, subject to the boundary conditions given in Eqs. (8)–(11) at r = L(t)
(see main text), and Qs = Qf = ∂h/∂r = 0 at r = 0 , where Qs and Qf define the solid and liquid
fluxes (Eqs. (1), (2) here). The physical parameters are given in the main text.
A. Effect of the dimensionless parameter ν on the solid and liquid fluxes
The liquid flux Qf and the particle flux Qs in Eqs. (3) and (4) in the main text are given
by
Qf = Qf (r, t) ≡
α
ν3
(1− Φ)hVf , (1)
2
Qs = Qs(r, t) ≡
α
ν3
ΦhVs − Pe
−1ǫh
∂Φ
∂r
, (2)
where the dimensionless fluid and solid velocities read
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(3)
As Φ→ 0, the power series expansion of the dimensionless Vs,f to the third order is given as
Vf =
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, (4)
which, after simplifying, becomes
Vf = −ν
3
h2
3
∂p
∂r
. (5)
yielding the Stokes flow speed. Substituting Eq. (5) into Eq. (1), the liquid flux Qf becomes
Qf ≡ α(1− Φ)h
(
−
h2
3
∂p
∂r
)
, (6)
Thus, the importance of the advective flux is solely measured by α in this limit. However,
when the suspension becomes slurry-like at Φ0 ≃ Φ∗, and ν ≫ 1 corresponding to a small
permeability k, the second term of Vf in Eq. (3) becomes dominant, leading to
Vf = −ν
(
Φc
Φ
)Γ
∂p
∂r
, (7)
and the prefactor of Vs,f in Eqs. (1) and (2) reduces to α/ν
2 . Then, for a slurry-like mixture
with a small k, α ≫ ν2 leads to both single or concentric rings, as well as broad bands,
whereas α≪ ν2 results in uniform deposition.
B. Movies
1. Movie 1: The evolution of the liquid meniscus h(r, t) , solid height hs(r) and the local
volume fraction Φ(r, t) of an evaporating droplet where Φ0 = 5× 10
−3 and η = 2 .
2. Movie 2: The evolution of the liquid meniscus h(r, t) , solid height hs(r) and the local
volume fraction Φ(r, t) of an evaporating droplet where Φ0 = 0.05 and η = 2 .
3. Movie 3: The evolution of the liquid meniscus h(r, t) , solid height hs(r) and the local
volume fraction Φ(r, t) of an evaporating droplet where Φ0 = 0.12 and η = 2 .
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